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We study the evolution of the longitudinal expansion of an ideal fluid with finite electrical conductivity, which
is subject to the EM fields. In the framework of resistive relativistic-magneto-hydrodynamic, we find an exact
analytical solution for the EM fields and for the acceleration of the fluid.
I. Introduction
Relativistic heavy ion collisions, provide an opportunity to
study the matter produced in a de-confined partons state dur-
ing the collisions. This matter is called quark gluon plasma
(QGP), and lives for life times of the order of some fms.
The aforementioned matter has been successfully described
within the relativistic hydrodynamic frame work ([1]-[4]). In
a simple scenario, the transverse expansion of the fluid is ne-
glected and the longitudinal expansion is considered within
the well-known Bjorken model[5]. However, in a more real-
istic world, the longitudinal expansion could be affected by
acceleration: as a consequence there are boost non-invariant
initial conditions and there need not to be a rapidity plateau
([6]-[8]). A recent description based on accelerating hydrody-
namic description can be found in Ref.[9].
Recently, it was argued that due to the charged particle mo-
tion in Relativistic Heavy Ion Collisions (RHIC), huge elec-
tromagnetic (EM) fields are produced: in the energy range of
interest in RHIC, the strength of this EM fields are e | B |
/m2pi ≈ 1 − 3 up to e | B | /m2pi ≈ 10 − 15 at the LHC (Large
Hadron Collider) energies [10]-[21]. In general, these fields
decay very fast, but the existence of a QGP fluid with electri-
cal conductivity leads them to be more steady in time. Hence,
it might be possible to detect the effects of EM fields on the
observables as well as a variety of phenomena like chiral mag-
netic effect and chiral magnetic wave [22]-[25].
Now, the presence of EM fields in relativistic heavy ion col-
lisions requires to solve the problem, e.g., in the context of
relativistic magneto-hydrodynamics (RMHD). Several papers
are present in the literature, which perform analytical and nu-
merical calculations within RMHD, by assuming infinite elec-
trical conductivity (Ideal RMHD) [26]-[35]. However, it has
been deduced from lattice QCD calculations [36]-[39] that the
electrical conductivity of the plasma under investigation cor-
responds to the ambient temperature and that a finite value
could be more appropriate. Hence, we will consider here
the Resistive Relativistic Magneto-Hydrodynamic (RRMHD)
framework.
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In this paper, assuming a finite electric conductivity for the
quark gluon plasma, the longitudinal motion of the plasma
embedded into electromagnetic fields is studied. In this
way, the Bjorken flow is generalized and the solutions found
through RRMHD are not necessarily Lorentz invariant. More-
over it is assumed that the electromagnetic fields are oriented
in the transverse plane and are perpendicular to the plasma
velocity: this is called transverse MHD; also, we do not take
into account any vorticity. Finally, analytical solutions for the
longitudinal fluid evolution as well as for the electromagnetic
fields are presented. In this study, it is shown that due to the
presence of electromagnetic fields, the energy density of the
fluid decreases faster with time than in the Bjorken model and
therefore it appears that the energy flows towards high rapid-
ity.
The paper is organized as follows: in Sec. II we present
the RRMHD framework. Sec. III is dedicated to the (1+1)
longitudinal expansion of RRMHD. Finally in Sec. IV we
discuss the results and draw our conclusions.
II. Resistive relativistic magneto-hydrodynamic
In order to describe the interaction of matter and electro-
magnetic fields in the quark-gluon plasma we consider the rel-
ativistic magneto-hydrodynamics (RMHD) framework [40]-
[41]. For the sake of simplicity, we assume an ideal relativistic
plasma with massless particles and finite electrical conductiv-
ity (σ). In addition, the fluid is considered to be ultra rela-
tivistic, thus implying that the rest-mass contributions to the
equation of state (EOS) have been neglected, and the pressure
is simply proportional to the energy density: P = κ where κ
is constant. For an ideal fluid with finite electrical conductiv-
ity, which is called resistive fluid, the equations of RMHD can
be written in the form of the covariant conservation laws
dµT
µν
matter = −JλFλν, (1)
dµF?µν = 0, (2)
dµFµν = −Jν, dµJµ = 0 (3)
Where dµ is the covariant derivative and the energy momen-
tum tensor for the fluid is
T µνmatter = ( + P)u
µuν + Pgµν, P = κ, (4)
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2uµ, and P are the fluid four velocity, energy density and pres-
sure, respectively. The electromagnetic field tensors and the
current density are given by:
Fµν = uµeν − uνeµ + µνλκbλuκ, (5)
F?µν = uµbν − uνbµ − µνλκeλuκ, (6)
Jµ = ρuµ + σeµ (7)
Where ρ is the proper charge density and µνλκ =
(−g)−1/2[µνλκ] is the space time Levi-Civita tensor density
(µνλκ = −(−g)1/2[µνλκ]) with g = det{gµν} and [µνλκ] is the
alternating Levi-Civita symbol1. Besides:
eµ = Fµνuν, bµ = F?µνuν, (eµuµ = bµuµ = 0) (8)
eµ and bµ being the electric and magnetic field four vectors in
the co-moving frame of the fluid, which is related to the one
measured in the lab-frame. Moreover, the fluid four velocity
uµ (uµuµ = −1) is given by:
uµ = γ(1,~v), γ =
1√
1 − v2
In eqs.(1) to (3) the covariant derivatives are given by:
dµAν = ∂µAν + ΓνµmA
m (9)
dpAµν = ∂pAµν + Γ
µ
pmAmν + ΓνpmA
mµ, (10)
where Γijk are the Christoffel symbols
Γijk =
1
2
gim
(
∂gmj
∂xk
+
∂gmk
∂x j
− ∂g jk
∂xm
)
(11)
Hereafter, instead of the standard Cartesian coordinates it is
preferable to use Milne coordinates for a longitudinal flow:
(τ, x, y, η) =
(√
t2 − z2, x, y, 1
2
ln
t + z
t − z
)
. (12)
Here, the metric2 is given by:
gµν = diag(−1, 1, 1, 1/τ2), gµν = diag(−1, 1, 1, τ2). (13)
Working in Milne coordinates, one can easily obtain the
Christoffel symbols: the only non-vanishing ones being:
Γτηη = τ and Γ
η
ητ = Γ
η
τη = 1/τ.
By implementing the projection of dµT
µν
matter = −JλFλν
along the longitudinal and transverse directions with respect
to uµ, one can rewrite the conservation equations as
uν(dµT
µν
matter = −JλFλν)→ D + ( + P)Θ = eλJλ, (14)
∆αν (dµT
µν
matter = −JλFλν)
→ ( + P)Duα + ∇αP = gανFνλJλ − uαeλJλ. (15)
Where
D = uµdµ, Θ = dµuµ, ∇µ = dµ + uµD,
∆αν = g
α
ν + u
αuν (16)
1 [µνλκ] is the totally anti-symmetric symbol defined as:
[µνλκ] :=

1 for any even permutation of 0, 1, 2, 3,
−1 for odd permutations of 0, 1, 2, 3,
0 for any case with repeated indices.
2 In Cartesian coordinates, the metric tensor gµν of the special-relativistic
space time, known as the Minkowski space time, is simply given by gµν =
gµν = diag(−1, 1, 1, 1).
III. (1+1) Longitudinal expansion with acceleration
Here we assume, during the whole evolution, that the veloc-
ity of the fluid is directed in the longitudinal direction, while
the transverse flow is neglected. Hence we can parameterize
the fluid four-velocity in (1+1D) as follows
uµ = γ(1, 0, 0, vz) = (coshY, 0, 0, sinhY), (17)
where Y is the fluid rapidity and vz = tanhY . Besides, in
Milne coordinates, one can write
uµ=
(
cosh(Y − η), 0, 0, 1
τ
sinh(Y − η)
)
= γ¯(1, 0, 0,
1
τ
v¯), (18)
where
γ¯ = cosh(Y − η), v¯ = tanh(Y − η). (19)
By using this parameterization one obtains
D = γ¯(∂τ +
1
τ
v¯∂η) (20)
Θ = γ¯(v¯∂τY +
1
τ
∂ηY) (21)
Now, Eq. (14) leads to
(τ∂τ + v¯∂η) + ( + P)(τv¯∂τY + ∂ηY) = γ¯(−1)τ eλJλ, (22)
and Eq. (15), for α = η, gives
( + P)Duη + ∇ηP = FηλJλ − uη(eλJλ) (23)
with
Duη =
1
τ2
γ¯2(τ∂τ + v¯∂η)Y (24)
∇ηP = 1
τ2
γ¯2(τv¯∂τ + ∂η)P. (25)
Finally, for the Euler equation (15) we get the expression:
( + P)(τ∂τ + v¯∂η)Y + (τv¯∂τ + ∂η)P =
= γ¯(−2)τ2
[
FηλJλ − uηeλJλ
]
, (26)
In general, the electric and magnetic four vectors are con-
sidered in the transverse plane as follows
eµ = (0, ex, ey, 0), (27)
bµ = (0, bx, by, 0) (28)
Where e, b are the magnitudes of the EM fields. Then the rel-
evant components of the electromagnetic tensor and induced
current are
Fηx =
γ¯
τ
(by + v¯ex), Jx = σex
Fηy =
γ¯
τ
(−bx + v¯ey), Jy = σey
3Where uµeµ = uµbµ = 0 is satisfied. So, Eqs. (22) and (26)
become
(τ∂τ + v¯∂η) + ( + P)(τv¯∂τY + ∂ηY) = γ¯(−1)τσ (e2x + e
2
y),
(29)
( + P)(τ∂τ + v¯∂η)Y + (τv¯∂τ + ∂η)P = γ¯(−1)τσ (exby − eybx)
(30)
Clearly, due to the EM fields, the boost invariance of the
solutions is broken. However, if electric and magnetic field
would be in parallel or anti-parallel directions ([42]-[43]) (it
is not the case in Heavy Ion Collisions setup), then the r.h.s of
the Euler equation (30) will disappear. By considering a time
dependent evolution for the medium, the fluid under study will
not accelerate and Bjorken flow is preserved.
However, non central collisions can create an out-of-plane
magnetic field and in-plane electric field. The magnetic field
in non central collisions is dominated by the y component
which induces a Faraday current in xz plane ([44]- [45]). In
particular, we are here interested in obtaining solutions rep-
resenting the RMHD extension of one-dimensional general-
ized Bjorken flow (vz , zt ) along the z-direction with velocity
uµ = γ(1, 0, 0, vz), the Lorentz force being directed along the
x direction. We assume that the electric field is oriented in x
direction and the magnetic field is perpendicular to the reac-
tion plane, pointing along the y direction in an in-viscid fluid
with finite electrical conductivity, flow expansion being along
the z direction.
The homogeneous Maxwell equation, dµF∗µν = 0, lead to
the following equations:
∂xF∗xτ + ∂yF∗yτ + ∂ηF∗ητ = 0, (31)
∂τF∗τx + ∂yF∗yx + ∂ηF∗ηx +
1
τ
F∗τx = 0, (32)
∂τF∗τy + ∂xF∗xy + ∂ηF∗ηy +
1
τ
F∗τy = 0, (33)
∂τF∗τη + ∂xF∗xη + ∂yF∗yη +
1
τ
F∗τη = 0. (34)
In the same way, the in-homogeneous Maxwell equations
dµFµν = −Jν are given by:
∂xF xτ + ∂yFyτ + ∂ηFητ = −Jτ, (35)
∂τFτx + ∂yFyx + ∂ηFηx +
1
τ
Fτx = −Jx, (36)
∂τFτy + ∂xF xy + ∂ηFηy +
1
τ
Fτy = −Jy, (37)
∂τFτη + ∂xF xη + ∂yFyη +
1
τ
Fτη = −Jη, (38)
Let’s now consider the following setup:
uµ = (cosh(Y − η), 0, 0, 1
τ
sinh(Y − η)),
eµ = (0, ex, 0, 0), bµ = (0, 0, by, 0). (39)
After substituting the above setup (39) in Maxwell equations
we obtain:
∂τ
[
(uτby +
1
τ
exuη)
]
+ ∂η
[
(uηby − 1
τ
exuτ)
]
+
1
τ
[
(uτby +
1
τ
exuη)
]
= 0, (40)
∂τ
[
(uτex +
1
τ
byuη)
]
+ ∂η
[
(uηex − 1
τ
byuτ)
]
+
1
τ
[
(uτex +
1
τ
byuη)
]
= −σex. (41)
We suppose that all quantities are constant in the transverse
plane. Hence in order to solve the last two equations, we can
write the following Ansatz3:
ex(τ, η) = −h(τ, η) sinh(Y − η) (42)
by(τ, η) = h(τ, η) cosh(Y − η) (43)
then Eqs. (40-41) give:
∂τh(τ, η) +
h(τ, η)
τ
= 0, (44)
∂ηh(τ, η) + στh(τ, η) sinh(η − Y) = 0, (45)
and the solution of Eq. (44) can be written as:
h(τ, η) =
c(η)
τ
, (46)
where, c(η) is an arbitrary function.
Moreover from eq. (45) we can find
sinh(Y − η) = 1
στ
∂ηc(η)
c(η)
(47)
and
cosh(Y − η) =
√
1 +
1
σ2τ2
(
∂ηc(η)
c(η)
)2
(48)
We summarize the solutions for fluid rapidity, four velocity
profile and EM fields as follows:
Y = η + sinh−1
(
1
στ
∂ηc(η)
c(η)
)
, (49)
uτ =
√
1 +
1
σ2τ2
(
∂ηc(η)
c(η)
)2
, (50)
uη =
1
στ2
∂ηc(η)
c(η)
, (51)
ex(τ, η) = − 1
στ2
∂c(η)
∂η
, (52)
by(τ, η) =
c(η)
τ
×
√
1 +
1
σ2τ2
(
∂ηc(η)
c(η)
)2
. (53)
3 By considering this kind of Ansatz, we find that the EM fields in the lab
frame would be as follow: EiL = F
0i = 0 and BiL = F
?0i → ByL = h(τ, η).
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Figure 1: Acceleration parameter λ(τ, η) in term of proper
time τ for different rapidity. The values α = 0.1 and
σ = 0.023 fm−1 are chosen.
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Figure 2: Acceleration parameter λ(τ, η) in term of rapidity η
for different proper time τ0 = 0.5, τ = 1, τ1 = 3 fm. The
values α = 0.1 and σ = 0.023 fm−1 are chosen.
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Figure 3: Electric field ex(τ, η) in term of proper time τ for
different rapidities. The values α = 0.1 and σ = 0.023 fm−1
are chosen.
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Figure 4: Electric field ex(τ, η) in term of rapidity η for
different proper time τ0 = 0.5, τ = 1, τ1 = 3 fm. The values
α = 0.1 and σ = 0.023 fm−1 are chosen.
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Figure 5: Magnetic field by(τ, η) in term of proper time τ for
different rapidities. The values α = 0.1 and σ = 0.023 fm−1
are chosen.
The time dependence of the above solutions is clear but the η
dependence profile is not yet known. Indeed we do not get a
unique solution for the system under investigation, unless we
impose other restrictions on the solutions.
Here we highlight some comments in order to impose fur-
ther constraints on the solutions:
• We remind that the relation between fluid rapidity and
space time rapidity is Y = λη, where λ is called the
acceleration parameter [35]. So, we can write
λ = 1 +
1
η
sinh−1
(
1
στ
∂ηc(η)
c(η)
)
. (54)
If we choose a constant value for c(η) =const, then the
flow has no acceleration λ = 1, (Y ≡ η → v¯ = 0), the
electric field ex vanishes and the magnetic field is ob-
tained as by ∝ 1τ , which is equivalent to the frozen flux
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Figure 6: Magnetic field by(τ, η) in term of rapidity η for
different proper time τ0 = 0.5, τ = 1, τ1 = 3 fm. The values
α = 0.1 and σ = 0.023 fm−1 are chosen.
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Figure 7: The ratio of energy density (τ, η)/0 in term of
proper time τ for different rapidities and comparison with
Bjorken Model (thin continuous line). The values α = 0.1
and σ = 0.023 fm−1 are chosen.
theorem; indeed this happens in ideal RMHD, where
the electrical conductivity is infinite (σ → ∞). Then
the flow under study will not change and the Bjorken
model will be recovered; we will get  ∝ τ− 43 if κ = 13 .
From the experimental data, it is found that λ > 1,
which means that the fireball expansion is fast and a
large energy density deposits at mid-rapidity η.
• Beside, according to Refs. ([44]-[45])4, the electric field
ex has opposite directions at positive and negative ra-
pidity. Also, at mid-rapidity η = 0, the electric field
4 In our study, transverse RMHD, the fluid velocity is perpendicular to EM
fields, the proper charge density ρ is zero, because in the aforementioned
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Figure 8: The ratio of energy density (τ, η)/0 in term of
rapidity η for different proper time
τ0 = 0.5, τ = 1, τ1 = 3 fm. The values α = 0.1 and
σ = 0.023 fm−1 are chosen.
is zero, but the magnetic field by at mid-rapidity has a
non-zero value . So, we can consider the function c(η),
as an even function in term of rapidity but not vanish-
ing at mid-rapidity. Moreover, since the function c(η)
has to be considered as a small deviation from the case
of highly conductive plasma, one can assume that the
dynamical electromagnetic fields in QGP roughly fol-
lows the similar patterns of the external fields created
by charged spectators.
• According to the ansatz in eqs. (42-43), the EM fields in
the Lab frame; in Milne coordinate, could be obtained
as follows:
E˜iL = F
0i = 0, (55)
B˜iL = F
?0i, (56)
We use the lower index L for the EM fields in the labo-
ratory frame and tilde symbol for Milne coordinate. We
find that in the lab frame E˜xL = 0, and B˜
y
L =
c(η)
τ
. Mean-
while, in Minkowski coordinate5, the EM field could be
setup, there is no vorticity: please refer to Appendices in Refs ([42]-[34]).
In this case, the electric field is contributed from the Faraday law and
Lorentz force. Indeed, based on the Faraday law, the decreasing magnetic
field by with time produces an electric field in the direction x and since the
fluid has a huge longitudinal velocity, Lorentz force is oriented in x axes.
5 The transformation of the EM fields from Minkowski coordinates to Milne
coordinates is as follows: E˜x = cosh ηEx − sinh ηBy, E˜y = cosh ηEy +
sinh ηBx, E˜η = E
z
τ , B˜
x = cosh ηBx + sinh ηEy, B˜y = cosh ηBy −
sinh ηEx, B˜η = B
z
τ .
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Figure 9: The ratio of energy density (τ, η)/0 in term of
proper time τ at mid rapidity η = 0 for different valuse of α
and comparison with Bjorken Model (thin continuous line).
The values σ = 0.023 fm−1 is chosen.
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Figure 10: The ratio of energy density (τ, η)/0 in term of
proper time τ at mid rapidity η = 0 for different valuse of σ
and comparison with Bjorken Model (thin continuous line).
The values α = 0.1 is chosen.
obtained as follow:
EL = (sinh(η)
c(η)
τ
, 0, 0), (57)
BL = (0, cosh(η)
c(η)
τ
, 0) (58)
As we can observe the electric field E˜ = 0 in the lab
frame of Milne coordinates is zero but in the lab frame
of Minkowski coordinates E , 0, is not zero.
Now, we try to show the self consistence of our solu-
tions in the lab frame. From Faraday Law
∇ × EL = −∂tBL, (59)
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Figure 11: The ratio of energy density (τ, η)/0 in term of
rapidity η at early proper time τ0 = 0.5 fm for different values
of α. The value σ = 0.023 fm−1 is chosen.
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Figure 12: The ratio of energy density (τ, η/0) in term of
rapidity η at early proper time τ0 = 0.5 fm for different values
of σ. The value α = 0.1 is chosen.
One can check the self-consistence of Maxwell’s equa-
tions. It is found that with eqs. (57-58) the ∂yExL =
∂tBzL = 0 and ∂zE
x
L = −∂tByL are automatically satisfied.
Similarly, ∇ · EL = ρ and ∇ · BL = 0 are satisfied with
ρ = 0.
The last Maxwell’s equation is
∇ × BL = j + ∂tEL, (60)
j = σγ(EL + v × BL) (61)
Where v is the three-vector fluid velocity; uµ = γ(1, v).
It is clear that in our setup, ∂xB
y
L = 0 and −∂zByL =
σγ(ExL − vzByL) + ∂tExL are satisfied. As we observe the
relativistic induced current j is along the x axis.
7Finally, taking into account the above considerations, we
can model c(η) by taking a simple function as follows:
c(η) = c0 cosh(αη), (62)
with small values of α. In order to fix the constant, c0, we
consider the initial condition for magnetic field at mid rapidity
in the lab frame, which is ByL(τ0, 0) = 0.0018
GeV2
e [45] while
the coefficient α is selected as an arbitrary small value in order
to parameterize the acceleration parameter λ. Later we discuss
the effect of variations in α and σ.
The next step is to solve the conservation equations; the
main idea for solving eqs. (29, 30) is to change these two
couple partial differential equations (PDEs) into two ordinary
differential equations (ODEs) with a given initial condition
(τ0, 0) = 0 [35]. The combination of the energy and Euler
equations (29, 30) can be rewritten as follows:
∂τ(τ, η) +
1 + κ
τ
A(τ, η)(τ, η) = B(τ, η) (63)
∂η(τ, η) + H(τ, η)(τ, η) = G(τ, η), (64)
where κ = 13 is considered and
A(τ, η) =
(∂ηY(v¯2 − κ) − (κ − 1)τv¯∂τY
κ
(
v¯2 − 1) )) (65)
B(τ, η) =
σ(exbyv¯ − κe2x)
κγ¯
(
v¯2 − 1) (66)
H(τ, η) =
1
κ
(
(1 + κ)(τ∂τY + v¯∂ηY)
)
− (1 + κ)v¯A(τ, η) (67)
G(τ, η) =
(στ)exby
γ¯κ
− τv¯B(τ, η) (68)
We can think of solving this coupled system of PDEs on a
grid of points in the (τ, η) plane. First we move along the τ
direction and solve eq. (63) to find out the τ-dependence of
the function , keeping constant the variable η. In this step
we treat eq. (63) as an ODE with respect to τ. Then we
move along the η direction, keeping the solution (η) previ-
ously found as the initial condition for solving (as an ODE)
eq. (64), Finally we obtain numerically the full energy den-
sity profile.
IV. Discussion and conclusion
From pure analytical solutions we found that, by consider-
ing a finite electrical conductivity, the longitudinal evolution
of the fluid subject to the presence of EM fields will acceler-
ate. Fig. (1) shows the acceleration parameter λ(τ, η), in terms
of τ for different values of rapidity. As one expects the accel-
eration parameter decreases with time but remains larger than
1 up to very late times. In Fig. (2) the acceleration parame-
ter is depicted in term of rapidity for fixed τ. In both forward
and backward rapidity, by increasing the |η|, the acceleration
parameter decreases.
Next we investigated on the dynamical evolution of EM
fields. In Figs. (3) and (4) ex(τ, η), is displayed , at either
fixed η or fixed τ, respectively. From Fig. (3) one finds that
following the time evolution, the electric field decays and at
late times is very small. In Fig. (4) one can see that, in central
rapidity, after the QGP is formed, the electric field is zero and
no external electric fields is left in average. However the elec-
tric field is stronger at large rapidities since it is generated by
the close nucleus. As one observes, the electric field has op-
posite signs for forward and backward rapidity, being an odd
function of η.
Figs. (5) and (6) show by(τ, η) in terms of τ for several
values of rapidity and vice versa, respectively. Similarly to
the electric field, the magnetic field decreases with increasing
time at all rapidities and increases, at fixed time, with rapidity.
However, at variance with the electric field, the magnetic one
has a non-zero value at central rapidity. [45].
The ratio of energy density (τ, η)/0, in terms of τ for sev-
eral values of rapidity is illustrated in Fig. (7). As tha fluid ex-
pands, the energy density decays. In this figure, we compare
the accelerated fluid with the Bjorken model. One can find
that the decay rate for the accelerated plasma is faster than for
the Bjorken fluid. In Fig. (8), the (τ, η)/0 as a function of
rapidity for fixed τ is plotted. Naively it seems that at the early
time, when QGP is formed, the η profile for the (τ, η)/0, has
a Gaussian form, while at the late time it becomes rather a
plateau, in agreement with [8]. It is found that energy density
slowly flows toward high rapidity at the later time.
In order to discuss the dependence of the model on the pa-
rameters α and σ, we concentrate on the quantity (τ, η)/0
and discuss both its time and rapidity evolutions with differ-
ent choiches of the above mentioned parameters. Figs. (9) and
(10) show the time evolution of (τ, η)/0 in the mid rapidity,
η = 0, at either fixed σ or fixed α, respectively. From Fig.
(9), the smallest value of α brings the present model close to
the Bjorken Model but for larger values of α, which imply a
highly accelerated fluid, the rate of decay for (τ, η)/0 would
be faster. Beside, in Fig. (10), for higher values of σ, the
(τ, η)/0 is compatible with the Bjorken flow, while for small
values of the electrical conductivity, the decay rate for the ex-
panding fluid is fast.
Finally, in Figs. (11) and (12), a similar discussion is pre-
sented for the rapidity profile of (τ, η)/0 at the fixed proper
time τ0 = 0.5 fm. Fig. (11), where σ is fixed, shows that
by decreasing α, the rapidity profile (at the QGP formation
proper time) evolves toward a plateau. But if α ≤ 0.06 the
(τ0, η)/0 becomes divergent at high rapidity. Analogous be-
havior can be found in Fig. (12), where α is fixed: indeed
if we increase the value of σ, the rapidity profile (τ0, η)/0
tends to a plateau, but for σ > 0.053 fm−1 it will not be flat.
As we observe, α has a diverse role with respect to σ. Also, it
appears that in a realistic situation there is a lower limit for α
and an upper limit for σ.
In the RRMHD framework we found that the Bjorken flow
is generalized and the longitudinal expansion of the magne-
tized QGP is accelerated. The acceleration parameter, λ, di-
rectly depends upon the inverse of the proper time, τ, and of
the electrical conductivity of the matter. Clearly, when the
system expands, the acceleration will decrease. As expected,
we found that when the electrical conductivity is high, then
the acceleration of the fluid is negligible, but in a finite range
8for σ, acceleration will be present and sizeable. It is interest-
ing to keep in mind thatσ is proportional to the temperature of
the QGP matter [36]. Since the initial temperature increases
with larger center-of-mass energy,
√
S NN , one deduces that
the acceleration decreases with increasing center-of-mass en-
ergy. This result is in agreement with Ref. [9]. These authors
conclude that the acceleration (Longitudinal) is the largest in
central collisions, and it decreases with increasing center of
mass energy. In the present work we can not find a direct
connection between the acceleration and the centrality of the
collisions, since the latter implies a transverse width of the
material, while we are only considering the longitudinal flow.
In our solutions, the dynamical evolution of EM fields de-
cays with time and is proportional to the inverse of σ. In-
deed, in the limit of infinite σ, the electric field ex is zero and
the magnetic field by ∝ 1τ , in agreement with previous results
[26]. The EM fields will be stronger at high rapidity, since
it is generated by the close nucleus. Indeed, in our setup, we
don’t have any net charge for the ideal fluid, so, the origin of
the EM fields are the charged spectators flying away along the
beam directions.
The energy density decays with time and is not flat with
η at early times, when QGP is formed, although a kind of
Gaussian form for the initial energy density was proposed by
[6–8]. Regarding to relation with electrical conductivity, with
decreasing the electrical conductivity the decay rate for the
energy density increases.
In order to justify the selected model for the even function
c(η), we notice that if c(η) = c0 is constant, then the fluid is not
accelerated and Bjorken flow is preserved. Hence we deviated
from this simple scenario, by adding some polynomials terms
to it as perturbation:
c(η) = c0(1 +
α2
2!
η2 + ...) (69)
where α must be small. In a rapidity interval −3 ≤ η ≤ 3, and
with an upper bound limit of α ≤ 0.1, then one can approxi-
mate the c(η) as follows:
c(η) = c0 cosh(αη), (70)
which is the Ansatz used in the present model.
The present work can be used to validate future numerical
work in the context of RRMHD in heavy ion collisions. The
parameter κ (ratio of pressure to energy density) can also be
changed simultaneously with the parameters α and σ, and in
fact the aforementioned model can be studied with various
equations of state.
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